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Abstract—Higher-order corrections to the boundary layer solutions have been obtained for vertical natural
convection flows in porous media. The analysis of Cheng and Chang [Lett. Heat Mass Transfer 6, 253-258
(1979)] has been extended to a uniform heat flux surface condition and to plane plume flows. Matched
asymptotic solutions up to O(e?) have been obtained for these downstream temperature variations. For the
isothermal surface condition, there was no correction in either temperature or velocity up to O(e). However, it
has been found that the first eigenfunction for this condition coincides with the O(¢?) term in the inner
expansion. This makes the second-order correction indeterminate. For the uniform surface flux flow, the ratio

of the corrected local Nusselt number to its value from the simplest boundary layer result is

140.3333:+0.02012.

For the plane plume, the ratio of the downstream centerline temperature excess to its value for the simplest
solution is

1+0.4714¢ +0.4760e2.

The Prandtl number is absorbed in the transformations. The new results are more accurate values of transport
quantities for these flows, in the Rayleigh number range of practical interest.

NOMENCLATURE

A, constant in equation (34)

cp specific heat of the fluid

d(x) downstream temperature decay for the
zero-order boundary layer, Nx"

f nondimensional stream function,
¥/(« Ra,’?)

g acceleration due to gravity

h.o.t.  higher-order terms

h, local heat transfer coefficient

K permeability of the porous medium

k thermal conductivity of the saturated
porous medium

N constant in the equation for d(x)

Nu, local Nusselt number, ¢"x/(t,~—1 .}k

(Nu,),,. local Nusselt number obtained from the
zero-order solution

n exponent in the equation for d(x)

q’ constant wall heat flux in equation (5),
—k(@1/2)l, o

Q energy input at x = 0 for the line plume,
2f¢° puc,(t—t,)dy

r cylindrical radial coordinate, (x2 + y?)1/2

Ra, local Rayleigh number, pgfxKd(x)/pa

t temperature

u velocity component in x-direction

v velocity component in y-direction

x vertical coordinate

y horizontal coordinate.

Greek symbols

o thermal diffusivity of the porous medium,
k/pc,

% kth eigenvalue
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coefficient of thermal expansion of fluid
characteristic thickness of boundary layer,
x/(Ray)'"?

perturbation parameter, Ra_ '/
dynamic viscosity of fluid

density of fluid

LpgBKN/pa] =1+ 1)

nondimensional horizontal coordinate,
y/o

stream function

angular coordinate measured from the
+ x-axis.

= »>T RO > ™

SR 3

Subscripts

condition at y =0
condition when ¢ = 0
first-order correction
second-order correction
value in the ambient
reference value.
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INTRODUCTION

AnaLysis of natural convection flow arising from a
heated impermeable surface, embedded in fluid
saturated porous media, has been used to model the
heating of groundwater in an aquafier by a dike, which
is idealized as a vertical impermeable surface [1].
Boundary layer formulation of Darcy’s law and the
energy equation were used. Subsequent studies of
boundarylayer natural and mixed convection flows are
described in detail by Cheng [2].

To extend the range of applicability of the
boundary layer analysis to relatively lower values of
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Rayleigh number (i.e. relatively shorter downstream
distances), Cheng and Chang [3] make a singular
perturbation analysis, considering the first-order
boundary layer corrections both for vertical and
horizontal natural convection flows. For vertical flows,
results are given for a power law type of surface
temperature dependence, t (x), downstream, in x. That
is {t,—t,) = Nx" = d(x). The results are valid, then,
only for a surface temperature variation specified a
priori, such as isothermal. The uniform flux surface and
the line plume cannot be treated by this analysis, since
the surface temperature variation is improved
successively at each order and is not imposed
externally.

The present investigation considers three vertical
natural convection flows in saturated porous media.
The three types of motion-generating heating
conditions are an isothermal surface, a constant flux
surface and a plane plume, generated from a line heat
source. Consistent higher-order approximations,
including second order, have been developed, using the
method of matched asymptotic expansions [4]. The
approach used is similar to that of Hieber [5] and
Mahajan and Gebhart [6] for Newtonian flows.
Specifically, in this study it is shown that the boundary
conditions previously applied in the higher-order
analysis of the constant heat flux surface condition are
not the appropriate ones.

ANALYSIS

The governing equations for two-dimensional (2-D)
natural convection flow employing the Boussinesq
approximations, in a fluid saturated porous medium
are:

continuity equation

U= li’yv U= "_dlx’ (1)

Darcy’s law
K é
s xx = T Py "_(t_tco9 2
Yo +y jupgﬁay ) v

energy equation
2 2
R T (LS N
The applicable boundary conditions on ¢, 1, and v, for
each of the three flows considered, are:
{(a) the isothermal surface
(4a)
t—t,, (4b}
oufoy=0=v=20t/dy at y=0, x<0; (4)

t=t, v=0 at y=0, x>0,

o

u—0 as r—-o0, 8#£0,

(b) the uniform flux surface

v=0 at y=0, x>0, (Sa)

u—0 as r—o, 8#0, (5b)

o

ufoy=0=v=0t/0y at y=0, x<0; (5)

{c) the line source plume

b
=—u=§£=0 at y=0, x>0, (6a)
dy 0
t—t, u—0 as r—oo, ##0, {6b)
Ju ot
5—)—;—0—6—})-—-0 at y=0, x<0. (6¢)

The appropriate expansions for the inner region,
corresponding to y = O(d) and x = O(4), are given
below. Here, J is the characteristic boundary region
thickness and 4 is the extent of the leading edge region.
The corrections due to the eigenfunctions are
considered following the analysis. The stream and
temperature functions are postulated as

Y(x, y) = a Ral*[foln)+efi(n) +2f(m) +hot], (7)

(t—1,) = ) [Polm) +edy () +&7dy () +hot], (8)

wheree = Ra; !? and Ra, is thelocal Rayleigh number
defined by

- pgBxKd(x)
po

Ra, ®

In equation (9), d(x) is the assigned downstream
temperature variation at y = 0, at the surface, for the
zero-order equations. These equations are obtained by
letting ¢ = 0 in equations (7) and (8). Expressed in
another way, d(x) = (t,—t.)o = Nx", the subscript 0’
implying the zero-order value. In ref. [3], in the
definition of the Rayleigh number, d(x) is taken as
(ts—tw)o = Nx". In general, (t,—t,) # (t,—£,)o, that
is, the downstream temperature distribution and level
is indeed affected by the higher-order effects, or
corrections, in equations (7) and (8). The n=1/3
condition in ref. [3], then, does not result in a uniform
heat flux surface condition. Additional x dependence in
the surface heat flux is introduced by the higher-order
corrections.

In the outer irrotational and isothermal region,
corresponding to 8 # 0, and r > O(4), the following
expansions are postulated

Y=o+l +¥2+,..., (10)
(11

The f, and ¢, in equations (7) and (8) are the boundary
layer solution in ref. [2], as follows:

fo—d0 =0, (12)
o5+ U fgonfido=0. (3
The zero-order boundary conditions are:
for (a)
n=0; fo0)=¢o0)—1=go(0)=0, (14
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for (b) and
, (=1 . n+1) .,
n=1%; fo0) = 1—-¢40) = ¢o(x0) =0, (15) 17 —fo®1—n1do+ 3 fod1 = 0. (28)
for (¢) The boundary conditions for the first correction for
each flow are:
n= -3 fol0) = $50) = 1—¢o(0) =0. (16) @
a
Numerical integration of equations (12) and (13), with )
the appropriate boundary conditions, yields: S1(0) = ¢4(0) = ¢y1(0) =0, fi(0) =0,
for (a) (293)—(29d)
(b)
of0) = 0.444, a1 ,
#0 11(0) = $4(0) = §5(0) = 0,
for (b) -
¢(0) = —0.6777, (18) fi(e0) = —% cot (?)fo(oo), (30a)-30d)
for (c), i.e. the plane plume, closed form solutions have ©
been given by Yih [7]. Inthe present variables, these are ©) = 4,0 (00) = 0
= ¢/ = o) =0,
o= J6 tanh g6 Gy O=¢O=0
T
$o = sech? [1/,/6]. (20) fi{e0) = —3 cot <§)fo(oo), (31ap314)

The function y, is governed by where f'(00) was obtained by matching with the first-

Vzl;o =0, (21)  order outer solution. Equations (27) and (28) are those

also obtained in ref. [3]. Their boundary conditions for

- _ (a) are the same as here, since (t,—t.) = (t,—t.)o for
Vo0 =0) =0 =0 = n), (22) the isothermal condition. However, for n = 1/3, the
constant flux surface, ¢,(0) = 0 has been taken. The
correct condition for the uniform flux condition is

with

which results in Yo = 0.

For ¢, _ ¢1(0) = 0. The plume, (c), has not been examined in
V3, =0, (23)  ref. [3].
with For the isothermal condition f(0) = ¢,(0) =0, in

view of the homogeneous boundary conditions. For (b)
J0=m) =0, §.6=0)< afo(oo)<%>(n+ b2 24) and (c) numerical integration yields up to four digits:
(b)
The inhomogeneous condition in equation (24)
results from matching of v from the boundary layer
solution with the outer solution. The solution of ©
equations (23) and (24) is

£4(0) = 01677, ¢,(0)= —03333, (32

= r (n+1)/2 sin {[(n+ 1)/2](7[—9)} » fll(o) = 09 ¢1(0) = 04714’ (33)
vi={3 o 021 P where
This result is expanded around 6 = 0, noting that 1 1
oEP o " fim - —(“2“ )nfo(oo) cot {‘"*2 )"}

&
0 =en+ —n*+hot,
3 +A4, as n— 0.

and The second-order outer solution is governed by

2 ~ ~ —~
r=x[1+%n2+h.o.t.]. Vi, =0; Ga0=m)=0, $,0=0=A (34

The condition at @ = 0 results from matching a two

I i i . . . .
n the matching region term inner expansion with a two term outer expansion.

- 1 The solution to equation (34) is given b
¥, =ozRa;/2f0(oo)|:1—(n+ )cot{(n+1)§}sn a (4isg y
~ 0
W, = Ala[l — —]. (35)
(l_nz) 2.2 n
+ e*n*+hot. |. (26) . .
8 : In the matching region
The first-order inner functions are next obtained as ~ en &’
Y, = A;(Ra)t%| 1— — + —— +h.ot. |. (36)
1=, =0, 27 m 3
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The second-order inner problem is next obtained as

—1)? 3n2—4n+1
fi+ 0y B AED,
2_
e Ry
b+ (n—1)? n2el + w nar
72 4 [ Y 4 (hdY
. (n—1) ,
+nn—1¢o+/ o, — —nf5¢,
m+y ., w0+ _ .
- T]z(vo‘*‘ T]O@Z =U, (3%)
with the boundary conditions:
for (a)
140 = 20) = ¢a(m) = 0, 300y = 39
for (b)
S20) = $5(0) = () = 0, [f3(00) = 3§ fofo0), (40)
for (c)
S200) = ¢5(0) = ¢5(0) = 0, [3(00) = §fo(o0), (41)
where f5(1) = fo(c0){[(1—n?)/41n} — A,/n as n — 0.

As discussed in the next section, for (a), the first
eigenfunction appears at O(s*)and hence equations (37)
and (38) do not hold good. Numerical solution for the
other two conditions yields:

for (b)

S5(0) = 03442, ¢,(0) = 0.0910,

for (¢)

J5(0) = 0.2823,  ¢,(0) = 0.4760.

The nonhomogeneous boundary condition in equa-
tions (39)~(41) results from matching the three term
outer solution (i.e. l/lo+l/71 +1,) with the three term
inner solution.

The eigenvalues and eigenfunctions which arise are
next discussed. To the inner expansions (7) and (8),
eigenfunctions may be added which satisfy the
boundary conditions at # =0 and 5= coc. Any
combination of these eigenfunctions may be added to
the inner solution. The multiplicative constants
associated with these eigenfunctions are generally
indeterminate.

The eigenfunctions associated with equations (7) and
(8) are of the form C.e™aRal?F, and C,e™ df,,
respectively. Here o, is the kth eigenvalue and C, is the
multiplicative constant associated with it. Inclusion of
these terms in the inner expansions and their
substitution into equations (2) and (3) yields

F,—0, =0, (42)
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" , wn+1) (n +1)
gk—”kaﬁo_{n } fo
+ s (1 —o)poFy =0, (43)
with the boundary conditions:
for (a)
6,(0) = Fi(0) = ,(c0) = 0, (44)
for (b} and (c)
0,(0) = Fi(0) = i (o0) = 0. (45)

Nontrivial solutions to the above set of equations and
boundary conditions exist only for discrete values of .

In general the eigenvalues must be determined
numerically. However, the first eigenvalue is normally
associated with the shift in the location of the leading
edge and the first eigenfunction is proportional to the x

derivative of the zero-order expansions in equations (7)

and (8). Stewartson [8] has found inconsistency in the
behavior of the solution of boundary layer problems as
n — o0, when a term in the postulated expansions is of
the same order as one of the eigenfunctions. The
inconsistency was resolved by inserting a log or log log
term in the expansions.

The first eigenvalue in this problem is determined to
be

2
(n+1)

oy = (46)
For the isothermal condition, the first eigenvalue
occurs at 2, which is of the same order as the second-
order term in the expansions (7) and (8). Thus,
logarithmic terms must be added to the expansions to
get consistent solutions as # — 0. These terms are of
the same order, that is O(¢?), the constant associated
with them being indeterminate. The indeterminate
constant can only be estimated approximately by using
detailed finite difference techniques. This is beyond the
scope of the present work. Thus the isothermal
condition gives no higher-order correction up to O(e)
and the O(¢g?) correction is indeterminate.

For the constant flux condition, equation (46) yields
oy = 3/2. The first eigenfunction thus arises at O(e3/?).
The eigenfunctions associated with «; = 3/2 are given
by

Fy=C[2fo—nfo]l, 0,=C[do—nds). (47)

where C; is a constant. The next two eigenvalues
determined by a numerical ‘shooting’ method are [with
the normalization condition 8,(0) = 1]

o, =509, o = 13.54.

Although the inclusion of thelog terminto equations
(7) and (8) is not appropriate for the constant flux
condition, arbitrary multiples of equations (47) can still
be added to equations (7) and (8). However, it can be
shown [see Appendix A] that at least C, = 0. Thus
expansions {7) and (8) are accurate up to O(g2). For the
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F1G. 1. The zero-order boundary layer solution f g, ¢, and the correction functions ", ¢, /%, ¢, for a constant
flux surface in a fluid saturated porous medium.

plane plume, equation (46) yields «, = 3. Thus,
expansions (7)and (8) are appropriate for the line plume
up to O(&?).

RESULTS AND CONCLUSIONS

The zero-order solutions [, ¢, and the correction
functions [, /%, ¢, ¢, are plotted in Figs. 1 and 2 for
both the constant flux surface and the plane plume. No
results have been plotted for the isothermal surface, as
the O(e) contribution identically vanishes and the O(¢?)
correction becomes indeterminate.

Centerline temperature decay up to O(g?) for the
constant flux condition and the plane plume are
obtained as follows:

for (b)
(ta—t.) = (t,—1,)o[1 —0.33336+0.0910¢2], (48)

for (c)
(to—1to) = (t,—ta)o[1+0.47146 +0.4760%] (49)
where (t,—t ), iS:
for (b)

(ta—t)o = [q"°ne/[k*{$5(0)} > pgBK1T' /> - x1
(50)

for (c)

(to—to)o = [QZM / [24P3C§agﬁK

x {Jw sech* ¢ d‘f}z:l]mx‘m. (1)

The local Nusselt number for the constant flux

F1G.2. The zero-order boundary layer solutionf', ¢, and the correction functionsf'y, ¢,f 5, ¢, foraline plume
in a fluid saturated porous medium.
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surface is given by
hx q’x
Nu,=-—=
k k(to—to(;)
"
q X
= I.T1 N 2212 1L N N01N-27T ¢+ + (52)
KLL—V.I333ET VU 1UE Jii,— i )o

The ratio of the local Nu, in equation (52) with the
Nusselt number obtained from the zero-order
boundary layer solution is given by

Nu, (t.—te)o

= = 1+40.3333¢+0.0201%  (53)
(Nux)b.l. (to_tco)
The centerline velocity for the plume is given by
u(x,0) = = Ra,[1+0.2823¢2]. (54)
X

In many geothermal applications the maximum
Rayleigh number is often of the order of 500. The results
of the boundary layer similarity solution in ref. [ 1] were
applied to an isothermal dike at 200°C in an aquifier at
15°C. The resulting Rayleigh number at x = 300 m is
575. These values are typical of actual conditions.
Using (t,—t,)o = 185°C at x = 10 m and the same
fluid properties as used in ref. [ 1], Ra, = 20, resultingin
& = 0.22. This gives a 7%, correctionin equation (48) and
a 13%, correction in equation (49). The correction in the
maximum centerline velocity of a plume, given in
equation (54), is only about 1%. Thus for small
downstream distances corrections to the simplest
boundary layer temperature computations may indeed
be appreciable.

Finally, we note that an analysis similar to that
presented here is possible for the horizontal flows, to
extend the results of Cheng and Chang [3].
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APPENDIX A

The integrated form of the energy equation (3) across the
boundary layer, for the constant flux surface is given by

pcpj u(t—tm)dy=kj —dy+g"x. (A1)

0 o Ox
Expansions (7) and (8) are substituted in equation (A1) and
equal powers of ¢ collected, noting that
q" = -k il
0

Yiy=0

Ral”?

= —kd(x)

$(0).

X

The resulting equations up to O(e*'?) are

& J (fodo) = — (), (A2)
o]
el j (fo¢1+/1¢o)dn =0, (A3)
0
e C1J~®(F,l¢0+f2)01)d"=0‘ (A4)
0

Equations(A2)and (A3)areidentical to the integrated forms of
equations (13) and (28), respectively. F, and 0, are given by
equation (47). Substitution of these into equation (A4) yields

le (fo—ndlo)do dn = 0. (AS)
0

By inspecting Fig. 1 itis clear that f; > 0and ¢, < Ofor all
0 < n < oc. The only way equation{A5)can then be satisfied is
when C, = 0.
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ECOULEMENTS VERTICAUX DE CONVECTION NATURELLE DANS LES MILIEUX
POREUX: CALCULS AVEC PRECISION ACCRUE

Résumé — Des corrections d’ordre élevé dans les solutions de couche limite sont obtenues pour les écoulements
verticaux de convection naturelle dans les milieux poreux. L’analyse de Cheng et Chang [Lett. Heat Mass
Transfer 6, 253-258 (1979)] est étendue a une condition de flux thermique uniforme sur la paroi et & des
écoulements de panache plan. Des solutions asymptotiques jusqu’a O(e2) sont obtenues pour ces variations de
température. Pour la condition de surface isotherme, il n’y a pas de correction ni pour la température, ni pour la
vitesse jusqu’a O(e2). On trouve néanmoins que la premiére fonction propre pour cette condition coincide avec
le terme O(c?) dans le développement interne. Ceci rend indéterminée la correction du second ordre. Pour
I’écoulement & flux pariétal uniforme, le rapport du nombre de Nusselt local corrigé a sa valeur pour le plus
simple résultat de couche limite est

1+0,3333¢+0,0201¢2.

Pour le panache plan, le rapport de I'excés de température sur la ligne des centres a sa valeur pour la solution
simple est

14 0,4714¢ +0,4760¢%.

Le nombre de Prandt! est absorbé dans les transformations. Les nouveaux résultats sur les quantités de
transport sont plus précis pour ces écoulements dans le domaine de nombre de Rayleigh d’intérét pratique.

SENKRECHTE NATURLICHE KONVEKTION IN POROSEN MEDIEN: BERECHNUNGEN
VON ERHOHTER GENAUIGKEIT

Zusammenfassung— Es ergeben sich Verbesserungen von héherer Ordnung bei den Grenzschicht-Losungen
fiir die senkrechten natiirlichen Konvektionsstrémungen in porésen Medien. Das Berechnungsverfahren von
Cheng und Chang [ Lett. Heat Mass Transfer 6,253-258 (1979)] wurde fiir gleichméBige Wirmestromdichte
in der Oberfliche und fiir ebene Strémungsfahnen erweitert. Passende asymptotische Losungen bis zu O(e?)
ergaben sich fiir die stromabwarts verdnderlichen Temperaturen. Fiir die Bedingung der isothermen
Oberflache war weder fiir die Temperatur noch fiir die Geschwindigkeit eine Verbesserung bis zu O(¢) moglich.
Jedoch wurde herausgefunden, daB die erste Eigenfunktion fiir diese Bedingung mit dem O(g?)-Ausdruck in
der inneren Entwicklung {ibereinstimmt. Dadurch wird die Verbesserung zweiter Ordnung unbestimmbar.
Fiir die Oberfliche mit gleichformigem Wiarmestrom ist das Verhaltnis aus korrigierter drtlicher Nu-Zahlund
ihrem Wert nach der einfachsten Grenzschichtlésung

1+0,33332+0,0201¢%.

Fiir die ebene Stromungsfahne ist das Verhdltnis aus den in der Mittellinie stromab vorhandenen
Ubertemperatur und ihrem Wert nach der einfachsten Lésung

1+0,4714¢ +0,4760¢>.

Die Prandtl-Zahl wird in den Umformungen eliminiert. Die neuen Ergebnisse liefern fir den Transport in
diesen Stromungen im praktisch interessierenden Bereich der Rayleigh-Zahl genauere Werte.

BEPTHUKAJIBHBIE ECTECTBEHHBIE KOHBEKTUBHLIE TEUEHHWA B NMOPUCTLIX
CPEJIAX: PACYETHI [MOBBILIEHHOY TOYHOCTH

Annoraums—Ilonpaeku 60Jiee BLICOKOro HOpAAKA OBbLIH MOJMYYEHB! K PEILUCHHAM YPaBHCHHH MOTPaHU4-
HOTO CJIOS IS Cjly4Yas BEPTHKaJbHBIX €CTECTBEHHBIX KOHBCKTHBHBIX TCHYEHHH B MOPHCTHIX Cpedax.
AHanu3 Yenra u Yanra [3] Obl1 npuMeHeH [UI% ciiyuasi OXHOPOAHOIO TENJIOBOTO MOTOKA Ha MOBEPX-
HOCTH M UIA IUIOCKHMX BCIUIBIBAIOLEMX MOTOKOB. BbLIM MoiyueHs! cpalluBaeMble aCHMITOTHYECKHE
pellierus BOI0TL A0 O(e?) [Wis 3afaHHLIX M3MEHEHHH TeMnepaTypel MO MOTOKY. B ciyuae m3oTepmu-
4eCKOil MOBEPXHOCTH OTCYTCTBOBAJIM MONPABKH KaK M1 TEMNEpaTypbl, Tak H LIS CKOPOCTH BILIOTH
10 O(g). Oaxako 6bLIO YCTAHOBJIEHO, YTO NepBas coOCTBeHHas (DyHKUMA IS TaKOTO Cllyyas COBNAJaeT
C WIEHOM BHYTpPEHHero pasiokenus O(e?). DTo NPUBOAMT K HEOTPEAENEHHOCTH MONPABKH BTOPOIO
nopsaxa. Jlsis Te4eHHs MpH HEOAHOPOIHOM 10 NOBEPXHOCTH IOTOKE OTHOLIEHHE YTOYHEHHOTO MECTHOTO
yucna HyccenbTa k €ro 3HaYeHHIO 1A NPOCTEHILEro peleHHs NONPaHHYHOTO CJI0f COCTAaBJIsAET

1 +0,3333¢ + 0,0201¢2.

ﬂ.ﬂﬂ TNJOCKOTQ BCILIBIBAKOLIEI O MOTOKA OTHOLLICHHE HBﬁbl'[Ka TEMNEpATypsbl B10JIb OCEBOH JIMHMH NMOTOKA
K €ro 3Ha4Y€HHIO B Cliy4ae npoc*reﬁujero PELUCHHA COCTABIACT

1 +0,4714¢ + 0,4760¢2.

Uucno [lpanaTna cokpaiaeTcs B npouecce npeodpasosanuil. Hobeble pesyibTaThl siBNstoTcsa Gojee
TOYHBIMH /18 3HAueHHH KO3DPHIIMEHTOB mepeHoca B AHamna3oHe 4Hcen Paznes, npeacraBastoumx
MPaKTHYECKHH MHTEpEC.
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